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Abstract 

The Krotov combining construction of perfect 1-error-correcting binary codes 
from 2000 and a theorem of Heden saying that every non-full-rank perfect 1-error- 
correcting binary code can be constructed by this combining construction is gener- 
alized to the q-aiy case. Simply, every non-full-rank perfect code C is the union of 
a well-defined family of /i-components Kfi, where p. belongs to an "outer" perfect 
code C*, and these components are at distance three from each other. Compo- 
nents from distinct codes can thus freely be combined to obtain new perfect codes. 
The Phelps general product construction of perfect binary code from 1984 is gen- 
eralized to obtain /i-components, and new lower bounds on the number of perfect 
1-error-correcting g-ary codes are presented. 

1. Introduction 

Let Fq denote the finite field with q elements. A perfect 1-error-correcting q-ary code of 
length n, for short here a perfect code, is a subset C of the direct product F", of n copies of 
Fq, having the property that any element of F^ differs in at most one coordinate position 
from a unique element of C. 

The family of all perfect codes is far from classified or enumerated. We will in this 
short note say something about the structure of these codes. We need the concept of 
rank. 

We consider F^ as a vector space of dimension n over the finite field Fq. The rank 
of a g-ary code C, here denoted rank(C), is the dimension of the linear span < C > of 
the elements of C. Trivial, and well known, counting arguments give that if there exists 
a perfect code in F^ then n = (g™ — — 1), for some integer m, and \C\ = So, 
for every perfect code C, 

n — m < rank(C) < n . 

If rank(C) = n we will say that C has full rank. 
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We will show that every non-full-rank perfect code is a union of so called jl- components 
Kfi, and that these components may be enumerated by some other perfect code C*, i.e, 
p, G C*. Further, the distance between any two such components will be at least three. 
This implies that we will be completely free to combine /i-components from different 
perfect codes of same length, to obtain other perfect codes. Generalizing a construction by 
Phelps of perfect 1-error correcting binary codes [8], we will obtain further /i-components. 
As an application of our results we will be able to slightly improve the lower bound on 
the number of perfect codes given in |6j. 

Our results generalize corresponding results for the binary case. In [3] it was shown 
that a binary perfect code can be constructed as the union of different subcodes (/i- 
components) satisfying some generalized parity-check property, each of them being con- 
structed independently or taken from another perfect code. In [2] it was shown that every 
non-full-rank perfect binary code can be obtained by this combining construction. 

2. Every non- full-rank perfect code is the union of fi- 
components 

We start with some notation. Assume we have positive integers n, t, ni, . ■ ■ , rit such that 
ni + . . .+nt < n. Any g-ary word x will be represented in the block form X — (^1 I ^2 I • • • I 
xt I Xq) = (x* I Xq), where Xi = (x^i, Xi2, . . . , Xi^J, i = 0,1, ... ,t, uq = n - Ui - ... - Ut, 
x^, = {xi \ X2 \ . . . \ Xt). For every block Xi, i = 1,2, . . . ,t, we define o"j(xj) by 

rii 

i=i 

and, for x, 

a{x) = d-(x*) = (cri(xi), (T2(X2), . . . , <7t{Xt)) 

Recall that the Hamming distance d{x, y) between two words x, y of the same length 
means the number of positions in which they differ. 

A monomial transformation is a map of the space F"^ that can be composed by a 
permutation of the set of coordinate positions and the multiplication in each coordinate 
position with some non- zero element of the finite field Fq. 

A g-ary code C is linear if C is a subspace of F^". A linear perfect code is called a 
Hamming code. 

Theorem 1. Let C be any non-fuU-rank perfect code C of length n = {q^ — — 1). 

To any integer r < m, satisfying 

1 < r < n — rank(C) , 

there is a q-ary Hamming code C* of length t = {q"^ — l)/{q — 1), such that for some 
monomial transformation ip 

^{C)= U K,, 
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where 



Xt \ Xq) : (r{x) = fi, Xi,X2,...,Xte Ff, Xq G C/i(x*) } 



for some family of perfect codes Cfi{x), of length l + g + g^ + ... + g'' ^, where 
and satisfying, for each fi E C*, 

d(x„ x'J < 2 =^ Cf,{x,) n Cf,{x'J = . 



m — r, 



(2) 



The code C* will be called an outer code to ip{C). The subcodes Kfi will be called 
fl-components of ip{C). As the minimum distance of C is three, the distance between any 
two distinct /2-components will be at least three. 

Proof. Let D be any subspace of containing < C >, and of dimension n — r. By 
using a monomial transformation ip of space we may achieve that the dual space of ipiD) 
is the nuUspace of a r x n-matrix 



H 



ail 



aim 



^21 



a2n2 



at 



nt 



where aij = ai, for z = 1, 2, . . . , t, the first non-zero coordinate in each vector ai equals 
1, ai 7^ ai', for % ^ i' , and where the columns of Fl are in lexicographic order, according 
to some given ordering of F^. 

To avoid too much notation we assume that C was such that z/' = id. 

Let C* be the null space of the matrix 



ai a2 



at 



Define, for fx E C* 



Then, 



Kfi = {{xi \ X2 \ . . . \ Xt \ Xq) e C : (cri(xi), a2ix2), cr{xt)) = /i } . 



C 



U K,- 

Further, since any two columns of H* are linearly independent, for any two distinct words 
fi and fl' of C* 

d{K-^,K-^.)>2. (3) 

We will show that Kf^ has the properties given in Equation ([1]). 

Any word x = {xi \ X2 \ ■ ■ ■ \ Xt \ Xq) must be at distance at most one from a word of 
C, and hence, the word [aiixi), a2{x2), ■ ■ ■ , (Ttixt)) is at distance at most one from some 
word of C* . It follows that C* is a perfect code, and as a consequence, as C* is linear, it 
is a Hamming code with parity-check matrix H* . As the number of rows of iJ* is r, we 
then get that the number t of columns of H* is equal to 



t 



q' 



q-l 



l + q + q^ + ... + q^'^ 
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For any word of _p^i+"-2+.- +nt ^i^jth o"(x*) = ii & C*, we now define the code C^(x*) 
of length riQ by 

Cp(x.) = { c G : (x, I c) G C } . 

Again, using the fact that C is a perfect code, we may deduce that for any such 
that the set C^(x*) is non empty, the set Cfi{x^) must be a perfect code of length ng = 
(g'* — l)/(g — 1), for some integer s. 

From the fact that the minimum distance of C equals three, we get the property in 
Equation 

Let Cj denote a word of weight one with the entry 1 in the coordinate position i. It 
then follows that the two perfect codes C^(x*) and C^(x* + ei — Cj), for i = 2, 3, . . . , ni, 
must be mutually disjoint. Hence, ni is at most equal to the number of perfect codes in 
a partition of FJ^° into perfect codes, i.e., 

ni<{q- l)no + 1 = g"* . 

Similarly, < g**, for i = 2, 3, . . . , t. 

Reversing these arguments, using Equation ([3]) and the fact that C is a perfect code, 
we find that n^, for each i = 1,2, ... ,t, is at least equal to the number of words in an 
1-ball of 

We conclude that rii = q'^ , for i = 1,2, ... ,t, and finally 
n = q'{l + g + g2 + . . . + g^"^) + l + q + q^ + ... + q''^ = 1 + g + g^ + . . . + g^+"-^ . 
Given r, we can then find s from the equality 

n = l+ g + g^ + ... + q""'^ . 

A 

3. Combining construction of perfect codes 

In the previous section, it was shown that a perfect code, depending on its rank, can 
be divided onto small or large number of so-called /i- components, which satisfy some 
equation with a. The construction described in the following theorem realizes the idea 
of combining independent /i-components, differently constructed or taken from different 
perfect codes, in one perfect code. 

A function / : E" — » S, where S is some set, is called an n-ary (or multary) quasigroup 
of order |S| if in the equality zq = f{zi, . . . , z„) knowledge of any n elements of zq, z\, 
. . . , Zn uniquely specifies the remaining one. 

Theorem 2. Let m and r be integers, m > r, q be a prime power, n = (g™' — l)/(g — 1) 
and t = (g'" — l)/(g — 1). Assume that C* is a perfect code in and for every ft E C* 
we have a distance-3 code Kp C of cardinahty that satisfies the following 

generalized parity-check law: 

a{x) = ((Ti(xi, . . . , xi), at{xit-i+i, xu)) = 
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for every x = (xi, . . . , x„) G K^i, where I = q"^ ^ and a = (cti, . . . , at) is a collections of 
l-ary quasigroups of order q. Then the union 

C= [j K, 

is a perfect code in . 

Proof. It is easy to check that C has the cardinahty of a perfect code. The distance 
at least 3 between different words x, y from C follows from the code distances of Kp^ (if 
X, y belong to the same Kp) and C* (if x, y belong to different Kpi, K^", p,', ft" E C*). A 

The fi- components Kp can be constructed independently or taken from different perfect 
codes. In the important case when all cTj are linear quasigroups (e.g., ai{yi, . . . ,yi) = 
yi + . . . + yi) the components can be taken from any perfect code of rank at most n — r, as 
follows from the previous section (it should be noted that if a is linear, then a /Z-component 
can be obtained from any /i'-component by adding a vector z such that a{z) = Ji — Ji'). 

In general, the existence of /i-components that satisfy the generalized parity-check law 
for arbitrary a is questionable. But for some class of a such components exist, as we will 
see from the following two subsections. 

Remark. It is worth mentioning that /i-components can exist for arbitrary length t of 
/i (for example, in the next two subsections there are no restrictions on t), if we do not 
require the possibility to combine them into a perfect code. This is especially important 
for the study of perfect codes of small ranks (close to the rank of a linear perfect code): 
once we realize that the code is the union of /i-components of some special form, we may 
forget about the code length and consider /2-components for arbitrary length of /2, which 
allows to use recursive approaches. 

3.1. Mollard-Phelps construction 

Here we describe the way to construct /i-components derived from the product construc- 
tion discovered independently in [7| and |9]. In terms of /t-components, the construction 
in [9] is more general; it allows substitution of arbitrary multary quasigroups, and we will 
use this possibility in Section HI 

Lemma 1. Let Ji E and let be a perfect code in F^. Let v and h be {q — l)-ary 
quasigroups of order q such that the code {{y \ v{y) \ h{y)) : y G F^~^} is perfect. Let 
Vi, . . . ,Vt and Hi, . . . , Hk be respectively {k + l)-ar7 and (t + l)-ar7 quasigroups of order 
q. Then the set 

Kp = {{ xu I ... I xik I yi I X2i \ ■■■\x2k\y2 \ ■■■ \ xti I ... I xtk \yt \ zi\ Z2\ ... | Zk ) : 

f.. fz 

■^ij ~ -'- q 1 

{Vi{v{xn), ...,v{xik),yi), . . . , Vt{v{xti), v{xtk),yt)) = fi, 
{Hi{h{xii), h{xti), Zi),..., Hk{h{xik), h{xtk), Zk)) G C*} 

is a jl-component that satisfies the generalized parity-check law with 

C7i(-,...,-,-) = Vi{v{-), ...,v{-),-). 
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(The elements of pi'}-'^)kt+k+t ^j^^^ construction may be thought of as three-dimensional 
arrays where the elements of Xij are z-lined, every underlined block is y-lined, and the 
tuple of blocks is x-lined. Naturally, the multary quasigroups Vi may be named "vertical" 
and Hi, "horizontal" .} 

The proof of the code distance is similar to that in and the other properties of a 
/i-component are straightforward. The existence of admissible (g — l)-ary quasigroups v 
and h is the only restriction on the q (this concerns the next subsection as well). If Fq is 
a finite field, there are linear examples: f . . . , Vq-i) = yi + . . . + yq-i, v{yi, . . . , yq^i) = 
aiyi + . . . + Q;g_i|/g_i where ai, . . . , a^.i are all the non-zero elements of Fq. If q is not 
a prime power, the existence of a g-ary perfect code of length g + 1 is an open problem 
(with the only exception q = Q, when the nonexistence follows from the nonexistence of 
two orthogonal 6x6 Latin squares jj^ Th. 6]). 

3.2. Generalized Phelps construction 

Here we describe another way to construct /2-components, which generalizes the construc- 
tion of binary perfect codes from [8] . 

Lemma 2. Let Ji G -F*. Let for every i from 1 tot + 1 the codes Cij, j = 0,1, ... ,qk — k 
form a partition of F^ into perfect codes and % : F^ — > {0, 1, ... , qk—k} be the corre- 
sponding partition function: 

niy) = j y e Cij. 

Let V and h be {q — l)-ary quasigroups of order q such that the code {{y \ v{y) \ h{y)) : 
y e Fql~^} is perfect. Let V\, . . . , Vt be {k -t- l)-ary quasigroups of order q and Q be a 
t-ary quasigroup of order qk — k + 1. 

Kfi = |( Xii I ... I Xik I yi I X21 I ■■■ I X2fc I ^2 I ■ ■ ■ I Xti I ... I Xtk \yt \ Zi\ Z2\ ... I Zk ) : 

iyiiviyXii), ...,v{xik),yi), Vt{v{xti), v{xtk),yt)) = /i, 
(5(7i(/i(xii), h{xik)), -ft{h{xti), h{xtk))) = lt+i{zi, Zk)} 

is a Jx-component that satisfies the generalized parity-check law with 

ai{-,. ..,-,■) = Vi{v{-), ...,v{-),-). 

The proof consists of trivial verifications. 

4. On the number of perfect codes 

In this section we discuss some observations, which result in the best known lower bound 
on the number of g-ary perfect codes, g > 3. The basic facts are already contained in 
other known results: lower bounds on the number of multary quasigroups of order g, the 
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construction [9] of perfect codes from multary quasigroups of order q, and the possibility 
to choose the quasigroup independently for every vector of the outer code (this possibility 
was not explicitly mentioned in [S], but used in the previous paper [S]). 

A general lower bound, in terms of the number of multary quasigroups, is given by 
Lemma [3l In combination with Lemma HI it gives explicit numbers. 

Lemma 3. The number of q-ary perfect codes of length n is not less than 

\ Rn-l 

where Q{m, q) is the number of m-ary quasigroups of order q and where Rn' = / {n'q — 
g + 1) is the cardinality of a perfect code of length n' . 

Proof. Constructing a perfect code like in Theorem [2] with t = we combine 
-Rn-i different /2-components. 

Constructing every such a component as in Lemma [21 k = 1, t = we are free 
to choose the t-ary quasigroup Q of order q in Q{t, q) ways. Clearly, different t-ary 
quasigroups give different components. (Equivalently, we can use Lemma [1] and choose 
the {t+ l)-ary quasigroup Hi, but should note that the value of Hi in the construction is 
always fixed when = 1, because consists of only one vertex; so we again have Q{t, q) 
different choices, not Q{t + l,q)). A 

Lemma 4. The number Q{m, q) of m-ary quasigroups of order q satisfies: 

(a) [5] g(m,3) = 3-2"^; 

(b) [TT] g(m, 4) = 3'"+i-22™+i(l+o(l)); 

(c) ^Q{m,5)>2^"'''''''; 

(d) [lOj Q{m, q) > 2 (('5'^"'*'?+^)/^)"''^ for odd q {the previous bound [4J was Q{m, q) > 
2k/3j"). 

(e) g] Q(m, gigs) > Q{m, gi) ■ Q{m, gs)"?™. 

For odd g > 5, the number of codes given by Lemmas [3] and ll](c,d) improves the 
constant c in the lower estimation of form ge'="(i+°(i)) ^^j. ^^iq number of perfect codes, in 
comparison with the last known lower bound [6] . Informally, this can be explained in the 
following way: the construction in [6] can be described in terms of mutually independent 
small modifications of the linear multary quasigroup of order g, while the lower bounds 
in Lemma |4l^c,d) are based on a specially-constructed nonlinear multary quasigroup that 
allows a lager number of independent modifications. For g = 3 and g = 2*, the number 
of codes given by Lemmas [3] and |l](a,b,e) also slightly improves the bound in [6J, but do 
not affect on the constant c. 
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